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Abstract. In this paper we find the Martin boundary for the Young-Fibonacci lattice 
¥F. Along with the lattice of Young diagrams, this is the most interesting example of a 
differential partially ordered set. The Martin boundary construction provides an explicit 
Poisson-type integral representation of non-negative harmonic functions on YF. The latter 
are in a canonical correspondence with a set of traces on the locally semisimple Okada 
algebra. The set is known to contain all the indecomposable traces. Presumably, all of the 
traces in the set are indecomposable, though we have no proof of this conjecture. Using 
an explicit product formula for Okada characters, we derive precise regularity conditions 
under which a sequence of characters of finite-dimensional Okada algebras converges. 
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§1. Introduction 

The Young-Fibonacci lattice YF is a fundamental example of a differential partially 
ordered set which was introduced by R. Stanley [Stl] and S. Fomin [Fl]. In many 
ways, it is similar to another major example of a differential poset, the Young lattice 
Y. Addressing a question posed by Stanley, S. Okada has introduced [Ok] two algebras 
associated to YF. The first algebra JF is a locally semisimple algebra defined by gener- 
ators and relations, which bears the same relation to the lattice YF as does the group 
algebra CSqo of the infinite symmetric group to Young's lattice. The second algebra 
R is an algebra of non-commutative polynomials, which bears the same relation to the 
lattice YF as does the ring of symmetric functions to Young's lattice. 

The purpose of the present paper is to study some combinatorics, both finite and 
asymptotic, of the lattice YF. Our object of study is the compact convex set of har- 
monic functions on YF (or equivalently the set of positive normalized traces on JF or 
certain positive linear functionals on R.) We address the study of harmonic functions 
by determining the Martin boundary of the lattice YF. The Martin boundary is the 
(compact) set consisting of those harmonic functions which can be obtained by finite 
rank approximation. There are two basic facts related to the Martin boundary con- 
struction: 1) every harmonic function is represented by the integral of a probability 
measure on the Martin boundary, and 2) the set of extreme harmonic functions is a 
subset of the Martin boundary (see, e.g., [D]). 

This paper gives a parametrization of the Martin boundary for YF and a description 
of its topology. 

The Young-Fibonacci lattice is described in Section 2, and preliminaries on harmonic 
functions are explained in Section 3. A first rough description of our main results is 
given at the end of Section 3. (A precise description of the parametrization of harmonic 
functions is found in Section 7, and the proof, finally, is contained in Section 8.) Section 
4 contains some general results on harmonic functions on differential posets. 

The main tool in our study is the Okada ring R and two bases of this ring, introduced 
by Okada, which are in some respect analogous to the Schur function basis and the 
power sum function basis in the ring of symmetric functions (Section 5). We describe 
the Okada analogs of the Schur function basis by non-commutative determinants of 
tridiagonal matrices with monomial entries. We obtain a simple and explicit formula 
for the transition matrix (character matrix) connecting the s-basis and the p-basis, 
and also for the value of (the linear extension of) harmonic functions evaluated on the 
p-basis. This is done in Sections 6 and 7. 

The explicit formula allows us to study the regularity question for the lattice YF, that 
is the question of convergence of extreme traces of finite dimensional Okada algebras JF„ 
to traces of the inductive limit algebra J-' — linj.7-n- The regularity question is studied 
in Section 8. 

The analogous questions for Young's lattice Y (which is also a differential poset) were 
answered some time ago. The parametrization of the Martin boundary of Y has been 
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studied in [Th] , [VK] . A different approach was recently given in [Oku] . 

A remaining open problem for the Young-Fibonacci lattice is to characterize the set 
of extreme harmonic functions within the Martin boundary. For Young's lattice, the 
set of extreme harmonic functions coincides with the entire Martin boundary. 



Acknowledgement. The second author thanks the Department of Mathematics, Uni- 
versity of Iowa, for a teaching position in the Spring term of 1993, during which most 
of this work was done. This paper was completed in May, 1997 at the home of Sergey 
and Irina Fomin, whom we thank for their most generous hospitality. 



§2. The Young-Fibonacci lattice 



In this Section we recall the definition of Young-Fibonacci modular lattice (see Figure 
1) and some basic facts related to its combinatorics. See Section A.l in the Appendix 
for the background definitions and notations related to graded graphs and differential 
posets. We refer to [Fl-2], [Stl-3] for a more detailed exposition. 



A simple recurrent construction. 

The simplest way to define the graded graph YF = U^o is provided by the 
following recurrent procedure. 

Let the first two levels YFq and YFi have just one vertex each, joined by an edge. 
Assuming that the part of the graph YF, up to the nth level YF„, is already constructed, 
we define the set of vertices of the next level YF^_|_i, along with the set of adjacent edges, 
by first reflecting the edges in between the two previous levels, and then by attaching 
just one new edge leading from each of the vertices on the level YF^ to a corresponding 
new vertex at level n+ 1. 
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Figure 1. The Young- Fibonacci lattice. 

In particular, we get two vertices in the set YF2, and two new edges: one is obtained 
by reflecting the only existing edge, and the other by attaching a new one. More 
generally, there is a natural notation for new vertices which helps to keep track of the 
inductive procedure. Let us denote the vertices of YFq and YFi by an empty word 
and 1 correspondingly. Then the endpoint of the reflected edge will be denoted by 2, 
and the end vertex of the new edge by 11. In a similar way, all the vertices can be 
labeled by words in the letters 1 and 2. If the left (closer to the root 0) end of an edge 
is labeled by a word v, then the endvertex of the reflected edge is labeled by the word 
2v. Each vertex w of the nth level is joined to a vertex Iw at the next level by a new 
edge (which is not a reflection of any previous edge). 

Clearly, the number of vertices at the nth level YF^ is the nth Fibonacci number /„. 

Basic definitions. 

We now give somewhat more formal description of the Young-Fibonacci lattice and 
its Hasse diagram. 

Definition. A finite word in the two- letter alphabet {1,2} will be referred to as a 
Fibonacci word. We denote the sum of digits of a Fibonacci word w by \w\, and we call 
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it the rank of w. The set of words of a given rank n will be denoted by YF^^, and the set 
of all Fibonacci words by YF. The head of a Fibonacci word is defined as the longest 
contiguous subword of 2's at its left end. The position of a 2 in a Fibonacci word is one 
more than the rank of the subword to the right of the 2; that is if = u2v, then the 
position of the indicated 2 is |w| + 1. 

Next we define a partial order on the set YF which is known to make YF a modular 
lattice. The order will be described by giving the covering relations on YF in two 
equivalent forms. 

Given a Fibonacci word v, we first define the set v C YF of its successors. By 
definition, this is exactly the set of words w e YF which can be obtained from v by one 
of the following three operations: 

(i) put an extra 1 at the left end of the word v; 

(ii) replace the first 1 in the word v (reading left to right) by 2; 

(iii) insert 1 anywhere in between 2's in the head of the word v, or immediately after 
the last 2 in the head. 

Example. Take 222121112 for the word v of rank 14. Then the group of 3 leftmost 2's 
forms its head, and v has 5 successors, namely 

IJ = {1222121112, 2122121112, 2212121112, 2221121112, 222221112}. 

The changing letter is shown in boldface. Note that the ranks of all successors of a 
Fibonacci word v are one bigger than that of v. 

The set v_ of predecessors of a non-empty Fibonacci word v can be described in a 
similar way. The operations to be applied to v in order to obtain one of its predecessors 
are as follows: 

(i) the leftmost letter 1 in the word v can be removed; 

(ii) any one of 2's in the head of v can be replaced by 1. 
Example. The word v = 222121112 has 4 predecessors, namely 

v = {122121112, 212121112, 221121112, 22221112}. 

We write u y v to show that f is a successor of u (and m is a predecessor of v). 
This is a covering relation which determines a partial order on the set YF of Fibonacci 
words. As a matter of fact, it is a modular lattice, see [Stl]. The initial part of the 
Hasse diagram of the poset YF is represented in Figure 1. 

The Young-Fibonacci lattice as a diflferential poset. 

Assuming that the head length of v is k, the word v has k + 2 successors and k + 1 
predecessors, if v contains at least one letter 1. If = 22 . . . 2 is made of 2's only, it 
has k + 1 successors and k predecessors. Note that the number of successors is always 
one bigger than that of predecessors. Another important property of the lattice YF is 
that, for any two different Fibonacci words vi, V2 of the same rank, the number of their 
common successors equals that of common predecessors (both numbers can only be or 
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1). These are exactly the two characteristic properties (Dl), (D2) of differential posets, 
see Section A.l. In what follows we shall frequently use the basic facts on differential 
posets, surveyed for the reader's convenience in the Appendix. Much more information 
on differential posets and their generalizations can be found in [Fl], [Stl]. 

The Okada algebra. 

Okada [Ok] introduced a (complex locally semisimple) algebra JF, defined by gen- 
erators and relations, which admits the Young-Fibonacci lattice YF as its branching 
diagram. The Okada algebra has generators {ei)i>i satisfying the relations: 

(01) ef = Bi for aU i > 1; 

(02) ejCj-iej = i for all i > 2; 

(03) CiCj = CjCi for \i — j\ > 2. 

The algebra J-'n generated by the first n—1 generators ei, . . . , Cn-i and these identities 
is semisimple of dimension n!, and has simple modules My labelled by elements v G YF„. 
For u e YF^_i and v e YF^, one has u y v if, and only if, the simple jF^-module M^, 
restricted to the algebra J-n-i contains the simple JF„_i-module M„. As a matter of 
fact, the restrictions of simple J>i-modules to Tn-i ^ire multiplicity free. 

§3. Harmonic functions on graphs and traces of ^F-algebras 

In this Section, we recall the notion of harmonic functions on a graded graph and the 
classical Martin boundary construction for graded graphs and branching diagrams. We 
discuss the connection between harmonic functions on branching diagrams and traces 
on the corresponding AF-algebra. Finally, we give a preliminary statement on our main 
results on the Martin boundary of the Young-Fibonacci lattice. 

We refer the reader to Appendix A.l for basic definitions on graded graphs and 
branching diagrams and to [E], [KV] for more details on the combinatorial theory of 
^F-algebras. 

The Martin boundary of a graded graph. 

A function (/? : F ^ R defined on the set of vertices of a graded graph F is called 
harmonic, if the following variant of the "mean value theorem" holds for all vertices 
« e F: 

(3.1) ip{u)= ifiw). 

w.uyw 

We are interested in the problem of determining the space 7i of all non-negative har- 
monic functions normalized at the vertex by the condition </?(0) = 1. Since 7i is a 
compact convex set with the topology of pointwise convergence, it is interesting to ask 
about its set of extreme points. 
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A general approach to the problem of determining the set of extreme points is based 
on the Martin boundary construction (see, for instance, [D]). One starts with the di- 
mension function d(v, w) defined as the number of all oriented paths from v to w. We 

put d{w) = d{0j w). 

From the point of view of potential theory, d{v,w) is the Green function with respect 
to "Laplace operator" 

(3.2) {Aip){u) = -ip{u) + ^H- 

This means that if il^wi^) = d{v,w) for a fixed vertex w, then —{Ai(;^){v) = Sy^ for all 
V eV. The ratio 

(3.3) = 

is usually called the Martin kernel. 

Consider the space Fun(r) of all functions / : F — > R with the topology of pointwise 
convergence, and let E be the closure of the subset F C Fun(F) of functions v i— > K(v, lu), 
w G F. Since those functions are uniformly bounded, < K{v,w) < 1, the space E 
(called the Martin compactification) is indeed compact. One can easily check that T C E 
is a dense open subset of E. Its boundary E = E \ T is called the Martin boundary of 
the graph F. 

By definition, the Martin kernel (3.3) may be extended by continuity to a function 
K : F X — > R. For each boundary point cj e E the function (fiu,{v) = K{v,(jj) is non- 
negative, harmonic, and normalized. Moreover, harmonic functions have an integral 
representation similar to the classical Poisson integral representation for non-negative 
harmonic functions in the disk: 

Theorem (cf. [D]). Every normalized non-negative harmonic function (f & 7i admits 
an integral representation 

(3.4) <p{u)= [ K{u,u) M{dLj), 

Je 

where M is a probability measure. Conversely, for every probability measure M on E, 
the integral (3.4) provides a non-negative harmonic function (p eH. 

All indecomposable (i.e., extreme) functions in Tl can be represented in the form 
fuj{v) = K{v,uj), for appropriate boundary point to E E, and we denote by Emin the 
corresponding subset of the boundary E. It is known that Emin is a non-empty Gg 
subset of E. One can always choose the measure M in the integral representation 
(3.4) to be supported by Emin- Under this assumption, the measure M representing a 
function (fi &TI via (3.4) is unique. 
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Given a concrete example of a graded graph, one looks for an appropriate "geometric" 
description of the abstract Martin boundary. The purpose of the present paper is to 
give an explicit description for the Martin boundary of the Young - Fibonacci graph 
YF. 

The traces on locally semisimple algebras. 

We next discuss the relation between harmonic functions on a graded graph and 
traces on locally semisimple algebras. A locally semisimple complex algebra A (or AF- 
algebra) is the union of an increasing sequence of finite dimensional semisimple complex 
algebras, A = lin^An- The branching diagram or Bratteli diagram T{A) of a locally 
semisimple algebra A (more precisely, of the approximating sequence {A^}) is a graded 
graph whose vertices of rank n correspond to the simple A^-modules. Let My denote 
the simple A„-module corresponding to a vertex v E T^- Then a vertex v of rank n 
and a vertex w of rank n + 1 are joined by x(f , w) edges if the simple ^n+i rnodule 
M^, regarded as an An module, contains My with multiplicity >c{v, w). We will assume 
here that all multiplicities x{v,w) are or 1, as this is the case in the example of 
the Young-Fibonacci lattice with which we are chiefly concerned. Conversely, given a 
branching diagram F - that is, a graded graph with unique minimal vertex at rank 
and no maximal vertices - there is a locally semisimple algebra A such that r(^) = F. 

A trace on a locally semisimple algebra ^ is a complex linear functional satisfying 

ip{e) >0 for all idempotents e e A; 

(3.5) = 1; 

'iij{ab) = ifjiba) for all a, 6 G A. 

To each trace on A, there corresponds a positive normalized harmonic function if} on 
T = T{A) given by 

(3.6) i;{v) = ^|;{e) 

whenever v has rank n and e is a minimal idempotent in A^ such that eM„ ^ (0) 
and eM^ — for all w e F^ \ {v}. The trace property of '0 implies that is a well 
defined non- negative function on F, and harmonicity of ip follows from the definition of 
the branching diagram F(^). Conversely, a positive normalized harmonic function i/j on 
F = T{A) defines a trace on A; in fact, a trace on each A^ is determined by its value 
on minimal idempotents, so the assignment 

(3.7) ^|;^^\e)=^P{v), 

whenever e is a minimal idempotent in A^ such that cM^ ^ (0), defines a trace on 
An- The harmonicity of ip implies that the i/^^'^'^ are coherent, i.e., the restriction of 
ip{n+i) fpQjj^ An+i to the subalgebra A^ coincides with As a result, the traces V'^"^ 
determine a trace of the limiting algebra A = lin^ A„ . 
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The set of traces on ^ is a compact convex set, with the topology of pointwise 
convergence. The map t/^ i— > is an affine homeomorphism between the space of positive 
normahzed harmonic functions on F = T{A) and the space of traces on A. Prom the 
point of view of traces, the Martin boundary of F consists of traces t/j which can be 
obtained as limits of a sequence •i/'^, where i/j^ is an extreme trace on A^- All extreme 
traces on A are in the Martin boundary, so determination of the Martin boundary is a 
step towards determining the set of extreme traces on A. 

The locally semisimple algebra corresponding to the Young- Fibonacci lattice YF is 
the Okada algebra T introduced in Section 2. 

The main result. 

We can now give a description of the Martin boundary of the Young-Fibonacci lattice 
(and consequently of a Poisson-type integral representation for non-negative harmonic 
functions on YF). 

Definition. Let w be an infinite word in the alphabet {1,2} (infinite Fibonacci word), 
and let di,d2, ■ ■ ■ denote the positions of 2's in w. The word w is said to be summable 
if, and only if, the series "^JLi converges, or, equivalently, the product 



As for any differential poset, the lattice YF has a distinguished harmonic function 
ipp, called the Plancherel harmonic function; (/?p is an element of the Martin boundary. 
The complement of {<~pp} in the Martin boundary of YF can be parametrized with two 
parameters {P,w); here (3 is & real number, < /5 < 1, and is a summable infinite 
word in the alphabet {1,2}. 

We denote by Q the parameter space for the Martin boundary: 

Definition. Let the space be the union of a point P and the set 

{(/?, tu) : < /? < 1, w a summable infinite word in the alphabet {1, 2}}, 
with the following topology: A sequence {P^'^\w^'^^) converges to P iff 



We will describe in Section 7 the mapping uj t-^ ip^ from fl to the set of normalized 
positive harmonic functions on YF. 

We are in a position now to state the main result of the paper. 



(3.8) 




converges. 



pin) ^ or 7r(t(;(")) ^ 0. 
A sequence {/3^'^\w^'^^) converges to {/3,w) if, and only if, 

(digitwise) and /3 77(10*'"'-') P'k{w). 
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Theorem 3.2. The map uj i-^ (p^ is a homeomorphism of the space Q onto the Martin 
boundary of the Young- Fibonacci lattice. Consequently, for each probability measure M 
on Q, the integral 

(3.9) (f{v)= [ <f^{v)M{duj), veY¥ 

Jo, 

provides a normalized, non-negative harmonic function on the Young- Fibonacci lattice 
YF. Conversely, every such function admits an integral representation with respect to a 
measure M on Q (which may not be unique). 

In general, for all differential posets, we show that there is a flow 

{t,ip) ^ Ct{ip) 

on [0, 1] X 7^ with the properties 

(3.10) Ct{Cs{^)) = Ctsi^) and Co(^) = V'p- 

For the Young- Fibonacci lattice, one has Cti^Pis^w) = C't/J,^ and Ct{(fp) = (pp. In 
particular, the flow on TC preserves the Martin boundary. It is not clear whether this is 
a general phenomenon for differential posets. 

We have not yet been able to characterize the extreme points within the Martin 
boundary of YF. In a number of similar examples, for instance the Young lattice, all 
elements of the Martin boundary are extreme points. 

§4. Harmonic functions on differential posets 

The Young- Fibonacci lattice is an example of a differential poset. In this section, 
we introduce some general constructions for harmonic functions on a differential poset. 
Later on in Section 7 we use the construction to obtain the Martin kernel of the graph 
YF. 

Type I harmonic functions. 

In this subsection we don't need any special assumptions on the branching diagram 
F. Consider an infinite path 

t = {vo.Vi, ... ,Vn,...) 

in F. For each vertex u E T the sequence {d{u, Vn)}'^^i is weakly increasing, and we 
shall use the notation 

(4.1) d{u,t) = lim d{u,Vn). 

n— >oo 

Note that d{u, t) = d{u, s) if the sequences t, s coincide eventually. 
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Lemma 4.1. The following conditions are equivalent for a path t inV: 

(i) All but finitely many vertices Vn in the path t have a single immediate predecessor 

Vn-l- 

(ii) d{0,t) <oo. 

(iii) d{u, t) < oo for all tt e F. 

(iv) There are only finitely many paths which eventually coincide with t. 

Proof. It is clear that d{0, v^-i) — d{0, v^) iff fn-i is the only predecessor of v^- Since 
d{u,t) < d{0,t) for all it e F, we have (i) (ii) (Hi) (i). The number of paths 
s e T, equivalent to t is exactly d{0, t). □ 

In case F = Y is the Young lattice, there are only two paths (i.e. Young tableaux) 
satisfying these conditions: t = ((1), ... , (n), . . . ) and t = ((1), . . . , (!"■), . . . ). In case 
of Young-Fibonacci lattice there are countably many paths satisfying the conditions 
of Lemma 4.1. The vertices of such a path eventually take the form Vn = l'^~^v, 
n > m, for some Fibonacci word v of rank m. Hence, the equivalence class of eventually 
coinciding paths in YF with the properties of Lemma 4.1 can be labelled by infinite 
words in the alphabet {2, 1} with only finite number of 2's. We denote the set of such 
words as 1°°YF. 

Proposition 4.2. Assume that a path t in T satisfies the conditions of Lemma ^.1. 



is a positive normalized harmonic function on F. 

Proof. Since d{v,t) = J^wv/'w^i'^^^)^ function (pt is harmonic. Also, (pt{v) > for 
all V e F, and (^t(0) = 1. □ 

We say that these harmonic functions are of type I, since the corresponding AF- 
algebra traces are traces of finite - dimensional irreducible representations (type I factor - 
representations). It is clear that all the harmonic functions of type I are indecomposable. 

Plancherel harmonic function. 

Let us assume now that the poset F is differential in the sense of [Stl] or, equivalently, 
is a self-dual graph in terms of [Fl]. The properties of differential posets which we need 
are surveyed in the Appendix. 

Proposition 4.3. The function 



Then 



(4.2) 



d{v,t) 
d{0,ty 



(4.3) 



d{0,v) 



v e F, n = \v 
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is a positive normalized harmonic function on the differential poset T. 

Proof. This follows directly from (A. 2.1) in the Appendix. □ 

Note that if F = Y is the Young lattice, the function (fp corresponds to the Plancherel 
measure of the infinite symmetric group (cf. [KV]). 

Contraction of harmonic functions on a differential poset. 

Assume that F is a differential poset. We shall show that for any harmonic function 
(f there is a family of aflfine transformations, with one real parameter r, connecting the 
Plancherel function (pp to (p. 

Proposition 4.4. For < r < 1 and a harmonic function (p, define a function Cr{(p) 
on the set of vertices of the differential poset T by the formula 

(4.4) C^{<p){v) = J2 \_L E V^i^)diu,v), n=\v\. 

fc=0 ^ \u\=k 

Then Ct-{(p) is a positive normalized harmonic function, and the map (p h- >• Ct{(p) is 
affine. 

Proof. We introduce the notation 

(4.5) Sk{v,(p)= E v{u)d{u,v). 

\u\=k 

First we observe the identity 

E Sk{w, (p) = Sk-i{v, (p) + {n-k + l) Sk{v, v?), 
w.vyw 

which is obtained from a straightforward computation using (A. 2. 3) from the Appendix, 
and the harmonic property (3.1) of the function (p. From this we derive that 

E CA^)H= E E n-k + 1)1 ^^("'^) = 

w.vyw w.vyw k=Q 

k=\ ^ ' k=0 ^ ' 

=T Cr{ip){v) + (1 - r) Cr{p){y) = Cr{p){v). 

This shows that Cr{p) is harmonic. It is easy to see that Cr{(p) is normalized and 
positive, and that the map (p i— > Ct{(p) is affine. □ 
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Remarks. (a) The semigroup property holds: Ct(Cs (</?)) — Cgtif)', (b) Co(</?) = 
(pp, for aU (p, and Ct{(pp) = (fip for all t, < t < 1; (c) Ci{(p) = (p. These statements 
can be verified by straightforward computations. 

Example. Let cp denote the indecomposable harmonic function on the Young lattice 
with the Thoma parameters [a; /3; 7), sec [KV] for definitions. Then the function Ct{(p) 
is also indecomposable, with the Thoma parameters (tq;;t/3; 1 — t(1 — 7)). 

Central measures and contractions. 

Recall (see [KV]) that for any harmonic function (/? on F there is a central measure 
M'^ on the space T of paths of F, determined by its level distributions 

(4.7) M:^{v) = d{0,v)<fiiv), veTn. 

In particular, ^^^p ^ni'^) — ^ 

There is a simple probabilistic description of the central measure corresponding to 
a harmonic function on a differential poset obtained by the contraction of Proposition 
4.4. Define a random vertex G F„ by the following procedure: 

(a) Choose a random k, < k < n with the binomial distribution 



(4.8) b{k)^^^jr'{l-T) 

(b) Choose a random vertex tt e Ffc with probability 

(4.9) M^{u)^d{0,u)<p{u) 

(c) Start a random walk at the vertex u, with the Plancherel transition probabilities 

(4-10) Px,y = I t^^\A}ry, \ ^ \A = X / y. 

(r + 1) a(0, 

Let V denote the vertex at which the random walk first hits the n'th level set F„. We 
denote by Mn'^'^ the distribution of the random vertex v. 

Proposition 4.5. The distribution Mj^''^^ is the n 'th level distribution of the central 
measure corresponding to the harmonic function Crif): 

(4.11) Mi^^^\v)^d{0,v)Cr{if){v). 

Proof. It follows from (A. 2.1) that (4.10) is a probability distribution. By Lemma A. 3. 2, 
the probability to hit F„ at the vertex v, starting the Plancherel walk at tt e F/., is 



(4.12) 



14 



FREDERICK M. GOODMAN AND SERGEI V. KEROV 



The Proposition now follows from the definition of the contraction Ct{^) written in the 
form 

n 

(4.13) Cr{^){v)d{0,v) = E M^i^)Pi^,v)- □ 

k=0 ueFk 

Example. Let F = Y be the Young lattice and let t = ((1), (2), . . . , (n), . . . ) be the one- 
row Young tableau. Then the distribution (4.9) is trivial, and the procedure reduces 
to choosing a random row diagram (k) with the distribution (4.8) and applying the 
Plancherel growth process until the diagram gains n boxes. 

§5. OkADA clone of the SYMMETRIC FUNCTION RING 

In this Section we introduce the Okada variant of the symmetric function algebra, 
and its two bases analogous to the Schur function basis and the power sum basis. The 
Young- Fibonacci lattice arises in a Fieri- type formula for the first basis. 

The rings R and Rao. 

Let R = Q < X,Y > denote the ring of all polynomials in two non-commuting 
variables X, Y. We endow R with a structure of graded ring, R — declaring 
the degrees of variables to be degX = 1, degY = 2. For each word 

(5.1) ^; = 1^=* 21'^*-! ...1^=1 21^=0 e YF^, 
let hy denote the monomial 

(5.2) hy = X^°YX^^ . . . X^'-^YX^* 

Then R^ is a Q-vector space with the (Fibonacci number) monomials as a basis. 

We let i?oo = fin^-Rn denote the inductive limit of linear spaces Rn, with respect 
to imbeddings Q ^ Q X. Equivalcntly, i?oo = ~ 1) is the quotient of R by the 

principal left ideal generated by X — 1. Linear functionals on R^o are identified with 
linear fvmctionals tp on R which satisfy (/?(/) = f{fX). The ring R^o has a similar 
role for the Young-Fibonacci lattice and the Okada algebra as the ring of symmetric 
functions has for the Young lattice and the group algebra of the infinite symmetric 
group 6oo (see [M]). 

Non-commutative Jacobi determinants. 

The following definition is based on a remark which appeared in the preprint version 
of [Ok]. We consider two non-commutative n-th order determinants 
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(5.4) 



By definition, the non-commutative determinant is the expression 
(5.5) det(ajj) = ^ sign(«;) a„(i)i 0^,(2)2 ••• a„(n)n- 

In other words, the A;-th factor of every summand is taken from the A;-th column. 
Note that polynomials (5.3), (5.4) are homogeneous elements of R, degP^ = n and 

degQn-i = n + l. 

Following Okada, we define Okada-Schur polynomials (or s-functions) as the products 



(5.6) 



Sv = Pko Qk^ .--Qk,, v= 1^'2 . . .^^2 e YF, 



(cf. [Ok], Proposition 3.5). The polynomials s„ for \v\ = n are homogeneous of degree 
n, and form a basis of the linear space Rn- We define a scalar product ( . , . ) on the 
space R by declaring s-basis to be orthonormal. 

The branching of Okada-Schur functions. 

We will use the formulae 



(5.7) 

(5.8) 



Pn+i = PnX-Pn-iY n>l, 
Qn+1 = Qn X — Qn-1 Y, n > 1, 



obtained by decomposing the determinants (5.3), (5.4) along the last column. The first 
identity is also true for n = 0, assuming P_i = 0. The n = case of the second identity 
(5.8) can be written in the form 



(5.9) 



QoX = XQq + Qi. 



One can think of (5.9) as of a commutation rule for passing X over a factor of type Qo- 
It is clear from (5.9) that 



(5.10) 



Q"^ X — X Q"^ -^-^^Qq' 'QiQq ^. 



i=l 
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It will be convenient to rewrite (5.7), (5.8) in a form similar to (5.9): 

(5.11) PnX = Pn^i + Pn-lQo. 

(5.12) Qn X = Qn+l + Qn-l Qoi 

The following formulae are direct consequences of (5.10) - (5.12): 



(5.13) Pn Ql^ X — Pn ^ QlQo + Pn+lQo^ + Pn-lQo^^^ 

i=0 



(5.14) QnQo^ X — ^^QnQl)' ^ QlQo + Qn+lQo^ + Qn-lQo^~^^- 

i=0 

It is understood in (5.13), (5.14) that n>l. 
The formulae (5.10), (5.13) and (5.14) imply 

Theorem 5.1 (Okada). For every w G YF^ the product of the Okada-Schur determi- 
nant Sw by X from the right hand side can be written as 

(5.15) SwX= ^ Sy. 

v.w yv 

This theorem says that the branching of Okada s-functions reproduces the branching 
law for the Young-Fibonacci lattice. In the following statement, U is the "creation 
operator" on Fun(YF), which is defined in the Appendix, (A. 1.1). 

Corollary 5.2. The assignment Q : v ^ Sy extends to a linear isomorphism 

e : U„Fun(YF„) ^ R 

taking Fun(YF„) to Rn and satisfying o [/(/) = Q{f)X. 

Because of this, we will sometimes write U{f) instead of fX for f e R, and D{f) 
for e o i:) o G-i(/), see (A.1.2) for the definition of D. 

Corollary 5.3. There exist one-to-one correspondences between: 

(a) Non-negative, normalized harmonic functions on YF; 

(b) Linear functionals (f on Fun(YF) satisfying 

(fioU = (fi, (fi{l) = 1, and (fi{Sy) > forve YF; 

(c) Linear functionals (f on R satisfying 

ip[f) = (p{fX) for all f eR, (p{l) = 1 and (p{sy) > 0, for v e YF; 

(d) Linear functionals on i?oo = Ul^ Rn satisfying 

(fi{l) = 1 and ifi{sy) > 0, for v e YF, 
where Sy denotes the image of Sy in i?oo/ 

(e) Traces of the Okada algebra T^o . 

We refer to linear functionals (p on R satisfying (p{sy) > as positive linear functio- 
nals. 
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The Okada p-functions. 

Following Okada [Ok], we introduce another family of homogeneous polynomials, 
labelled by Fibonacci words v e YF, 

(5.16) = - (/Co + 2)X''"y) . . . - {kt-i + 2)X^*^iy) X''% 
where 

V = 1^=* 21^*_i^ . . .21^. 

One can check that {pv}\v\=n is a Q-basis of Rn- Two important properties of the 
p-basis which were found by Okada are: 

(5.17) U{Py) ^ PyX ^ Ply Blid D {p2v) = ■ 

Since the images of p^ and of piu in R^o are the same, we can conveniently denote the 
image by pioo^. The family of pv, where v ranges over 1°°YF, is a basis of Roc- 

Transition matrix from s-basis to p-basis. 

We denote the transition matrix relating the two bases and {s„} by X^; thus 

(5.18) Pu=Yl ^u^v, u,veY¥^. 

\v\=n 

The coefficients X^ are analogous to the character matrix of the symmetric group ©„. 
They were described recurrently in [Ok], Section 5, as follows: 



/r -ir\\ vlv VV. vlv vv . v2v VI 



(5.20) Xll^={m{u) + l)Xl; X^-^ = 0, 

where m{u) is defined in (6.2) below. An explicit product expression for the will be 
given in the next section. 

§6. A PRODUCT FORMULA FOR OkADA CHARACTERS 

In this Section we improve Okada's description of the character matrix X^ to obtain 
the product formula (6.11) and its consequences. 

Some notation. 

We recall some notation from [Ok] which will be used below. Let v be a Fibonacci 
word: 

V = l''^ 21^*-^ . . . l'=i2l'=° e YF„. 

Then: 
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(6.1) e(f ) = +1 if the rightmost digit of v is 1, and t{v) ~ —1 otherwise. 

(6.2) m{v) = kt is the number of I's at the left end of v. 

(6.3) The rank of v, denoted |f |, is the sum of the digits of v. 

(6.4) If V = Vi2v2-, then the position of the indicated 2 is |t'2| + 1- 

(6.5) d{v) = 11^=0(^0 + . . . + /ci + 2i + 1). In other words, d{v) is the product of the 
positions of 2's in v. 

(6.6) z{v) = h\ {h-i + 2)kt-i\ . . . (fco + 2)fco!. 

(6.7) The block ranks of v are the numbers fco + 2, fci + 2, . . . , kt-i + 2, kt- 

(6.8) The inverse block ranks of v are kt + 2, kt^i + 2, . . . , fci + 2, /cq. 

Consider a sequence fi — {nt, . . . , ni, no) of positive integers with — n. We call 
a word v e YF^ n-splittable, if it can be written as a concatenation 

(6.8) v = vt...viVo, where = rii for i = 0, 1, . . . , t. 

Lemma 6.1. Let fi = {nt, . . . ,ni,no) be the sequence of block ranks in a Fibonacci 
word u. Then 

(i) 7^ if, and only if, the word v is n-splittable. 

(a) If V = Vt ■ ■ ■ v\Vt is the n-splitting, then 

(6.9) x: = d{vt)g{vt-i)...givo), 
where 

+d{w'), if w = Iw' 



(6.10) g{w) = 



—d{w'), if w — 2w' . 



Proof. This is a direct consequence of Okada's recurrence relations cited in the previous 
section. □ 

Proposition 6.2. Let u,v E YF^. Let 61,62, ■■■ ,Sm be the positions of 2's in the word 
u, and put 6m+i = 00. Let di,d2, ■ ■ ■ ,dr the positions of 2's in the word v. Then 

m 

(6.11) ^:=n n 

j=l 5j<ds<5j+-L 

Proof. This can also be derived directly from Okada's recurrence relations, or from the 
previous lemma. Note in particular that = if, and only if, dg — 6j for some s 
and j; this is the case if, and only if, v does not split according to the block ranks of 
u. □ 

We define = d{v)~^X'!^; from Proposition 6.2 and the dimension formula (6.5), 
we have the expression 

= 1 5j<ds<5j + \ 



(6-12) x:=n n (1- 



d. 
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The inverse transition matrix. 

According to [Ok], Proposition 5.3, the inverse formula to Equation (5.18) can be 
written in the form 

(6.13) Sv= T Xl^, veY¥n, 

\u\=n ^ ' 

We will give a description of a column for a fixed v. 

Lemma 6.3. Let n = (rit, . . . ,ni,no) be the sequence of inverse block ranks rit = 
kt + 2, . . . ,ni = ki + 2,no ^ ko in a word v = {1^*2 ... 1^=12 l^^") e YF„. Then 

(i) 7^ if, and only if, the word u is n-splittable. 
(a) If u — Ut ■ . ■ uiUq is the n-splitting for u, then 

(6.14) X^ = /i/2 .../t, 
where 



(6.15) 



-1, ife{uj) = -l 

1 + m{uj-i . . .uiUq), if e{uj) ^ +1. 



Here m{u) = m denotes the number of 1 's at the left end of u = V^2u' . 

Proof. This is another corollary of Okada's recurrence relations cited in Section 5. □ 

§7. The Martin Boundary of the Young-Fibonacci Lattice 

In this section, we examine certain elements of the Martin boundary of the Young- 
Fibonacci lattice YF. Ultimately we will show that the harmonic functions listed here 
comprise the entire Martin boundary. 

It will be useful for us to evaluate normalized positive linear functionals on the ring 
i?oo (corresponding to normalized positive harmonic functions on YF) on the basis {pu}- 
The first result in this direction is the evaluation of the Plancherel functional on these 
basis elements. 

Proposition 7.1. (fip{pu) = for all Fibonacci words u containing at least one 2. 

Proof. It follows from the definition of the Plancherel harmonic function (fp that for 
w e YF„, 

^ (pp{v) = n (pp{w). 
v.vyw 

Therefore, for all f E Rn, 

Vp{Df) = n (pp{f). 
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If tt = l°°2v, and \2v\ — n, then 

Vp{Pu) = '^p{P2v) = - ^p{Dp2y) = 0, 

since Dp2v = 0, by [Ok], Proposition 5.4. □ 

For each word w G YF„, the path (w, Ity, l^w, . . . ) clearly satisfies the conditions of 
Proposition 4.1, and therefore there is a type I harmonic function on YF defined by 



fc^oo d{0, 1'^w) 

Proposition 7.2. Let w G YF^, and let di, d2, ■ ■ ■ be the positions of 2's in w. Let u 
be a word in 1°°YF containing at least one 2, and let di, 62, ■ ■ ■ , be the positions of 
2's in u. Then: 

(7.1) i^M-fi n (i-^)- 

i=l Si<dj<Si+i ^ ^ 



Proof. Let u = l°°uo, where uq G YF^. Choose r, s > 1 such that \ Vw\ = \ Vuo\. Then 

= {d{vw)r\Y.^i^uo^^^'^^^) 

V 

= {d{vw))-'xi:i. 

Thus the result follows from Equation (6.12). □ 

Next we describe some harmonic functions which arise from summable infinite words. 
Given a summable infinite word w, define a linear functional on the ring R^q by the 
requirements (fiw{l) = 1 and 

(7.3) ^upu)=fi n (1-^)' 

i=lSi<dj<Si+i ^ ^ 

where u G 1°°YF. As usual. Si, . . . ,drn are the positions of 2's in u, and the dj^s are the 
positions of 2's in w. It is evident that (fyjip^X) — (pwipiu) — 'Pw[Pu)i so that <^^y is in 
fact a functional on Rao. 
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Proposition 7.3. If w is a summable infinite Fibonacci word, then (p^j is a normalized 
positive linear functional on i?ooj so corresponds to a normalized positive harmonic 
function on YF. 

Proof. Only the positivity needs to be verified. Let w„ be the finite word consisting 
of the rightmost n digits of w. It foUows from the product formula for the normalized 
characters ipwn that (fiw{Pu) = hm i/Jw^iPu)- Therefore also (pw{sv) = hm i^Wnisv) > 

n— »oo n— »oo 

0. □ 

Given a summable infinite Fibonacci word w and < /3 < 1, we can define the 
harmonic function (f/s^w by contraction of ip^, namely, ipjs^w — Cj3{ipw)- 

For u e 1°°YF, we let \\u\ \ denote the essential rank of u, namely | |m| | = 1 + 5, where 
5 is the position of the leftmost 2 in u, and 1 1^1 1 = for m = 1°°. 

Proposition 7.4. Let w be a summable infinite word and < /? < 1. Let u e 1°°YF. 
Then 

(7.4) ¥'^,»(Pu) = /?'l"Va.(Pu). 

Proof. The case u = l°° is trivial. Let u = l°°uo, where | |tt| | = |«o| = n > 0. Then for 
any linear functional (f on Roo, one has (fiipu) = fipuo)- For < A; < n, define 

\v\=k \x\=n 

In particular, 

\v\=n 

Note that UA^^_^ — A^^, when k < n — 1. It follows from the definitions of (pp,w (cf. 
(4.4)) and of that 

for / in where (•, •) denotes the inner product on R with respect to which the Okada 
s-functions form an orthonormal basis. Recall that the operators U and D are conjugate 
with respect to this inner product. Consequently, 

^l3,w{Puo) = (2^ (n-kV. ^'^'"'^"a^ 

k=0 ^ '' 

ak/-\ Q\n—k 



/3 (1 /?)"" 



= (/3'^A™,,p.„)=/3>^(p,„), 
since {UAl^_^,pu,) = (A-^.^, Dp^,) = and (A-,, /) = ^^{f) for / in R^. □ 
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Corollary 7.5. The functionals (pjs^w for (3 > and w summable are pairwise distinct, 
and different from the Plancherel functional (f p . 

Proof. Suppose that w is a summable word and that A is the set of positions of 2's in 
w. We set 



j:dj>k-2 

Then for each k>2 and > 0, 



is zero if and only i{ k E A. In particular ^p^w 7^ ^Pi by Lemma 7.1, and moreover, 
A \ {1} is determined by the sequence of values 'Pj3,w{P2i>'-'^)-i k > 2. It is also clear 
that (pi3,w{P2) = 7r2{w) is negative iff 1 e ^, hence the set A and therefore also w are 
determined by the values Vi3,w{P2i'^)i k>i). Finally, (3 is determined by 



fl3,w{P21h-^ )\^'^ 



for any k ^ A. □ 



Proposition 7.6. For each summable infinite Fibonacci wordw and each (3, < (3 < 1, 
there exists a sequence v^"^ of finite Fibonacci words such that (fig w — hm 

' n— »oo 

Proof. If /? = 1, put Tn = 0; if /? = 0, put = n^; and if < < 1, choose the 
sequence so that 

hm — = . 

n— *-oo n p 

Then, in every case, 

n->oo n + rn 

Let tUn be the finite word consisting of the rightmost n digits of w, put Sn = 2n+l — \wn\, 
and 

^(n) ^ 2^n*"t(;„. 

Fix tt = l°°uo e 1°°YF and let n > \uo\. Suppose that uq has 2's at positions 
Si, S2, ■ ■ ■ , Sm, and put k = \\u\\ = Sm + Using the product formula for one 
obtains 

Mpu) = [(1 - ^)(i - ^) •••(!- ^^^J 
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The first factor converges to <fw{Pu), so it suffices, by Proposition 7.4, to show that the 
second factor converges to P''. The second factor reduces to 

T{n + rn-k/2+l)T{n + 2) 

T{n + 2 - k/2)T{n + rn + 1)' 

Using the well-known fact that 

hm n''-^^ = 1, 
n^oo T{n + 0) 

one obtains that the ratio of gamma functions is asymptotic to 

n + 2 ^ 



n + Vj 

which, by our choice of r^, converges to P^, as desired. □ 

This proposition shows that (fp as well as all of the harmonic functions (Pf3^w are con- 
tained in the Martin boundary of the Young-Fibonacci lattice. In the following sections, 
we will show that these harmonic functions make up the entire Martin boundary. 

§8. Regularity conditions 

In this Section we obtain a simple criterion for a sequence of characters of finite di- 
mensional Okada algebras to converge to a character of the limiting infinite dimensional 
algebra = lin^J^-n- Using this criterion, the regularity conditions, we show that the 
harmonic functions provided by the formulae (7.3) and (7.4) make up the entire Martin 
boundary of the Young-Fibonacci graph YF. Technically, it is more convenient to work 
with linear functionals on the spaces Rn and their limits in Roo = lin^ Rn. rather than 
with traces on JF. As it was already explained in Section 5, there is a natural one-to-one 
correspondence between traces of Okada algebra J-'n, and positive linear functionals on 
the space Rn- 

In this Section we shall use the following elementary inequalities: 
for every pair of positive integer numbers d>2 and k; 
and 

k 



(8-3) 1 < V '{ < 1 + 77% 



for every pair of integers d> k. We omit the straightforward proofs of these inequalities. 
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Convergence to the Plancherel measure. 

We first examine the important particular case of convergence to the Plancherel 
character (pp. 

Definition. We define the function tt of a finite or summable word v by 

where the dj are the positions of the 2's in v. We also recall that for each k > 2 the 
function tt^ was defined as 

= n (1 - x)- 

j:dj>k-l ^ 

Note that if u = l°°2l'=-2, and is a summable word, then (pv{Pu) = '^k{'^)i according 
to Equation (7.3). 

Proposition 8.1. The following properties of a sequence Wn G YF, n = 1,2, ... , are 
equivalent: 

(i) The normalized characters il^^^ converge to the Plancherel character, i.e., 

lim V^«,„(pn) = ^p{Pu), 

n— >oo 

for each u e 1°°YF; 

(n) lim 7Tk{wn) = 0; 

n—^oo 

for every k = 2,3, . . . ; 

(iii) lim 7r{wn) = 0. 

n—^oo 

The proof is based on the following lemmas. 

Lemma 8.2. For every finite word v e YF, and for every u e 1°°YF of essential rank 

k = I \u\\, 

(8.4) \il^vipu)\ < \7rk{v)\. 

Proof. Let Si, . . . ,5m indicate the positions of 2's in the word u, and let di, . . . , dn be 
the positions of 2's in v. The essential rank of u can be written as A; = ||tt|| = 5^ + 1, 
so that 

k 



j:dj>Sm ■' 



By the product formula, 



mpu)\ = Mv)\\[ n |i-^i<K(^)i, 

i=l 5i<dj<Si+i 

since none of the factors in the product exceed 1. In fact, \1 — {5 -\- 1) / d\ = 1/5 < 1 if 
d = 5,l- {5 + l)/d^Q if d = 5 + 1, and < 1 - {5 + l)/d< 1 if d> 5 + 1. □ 
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Lemma 8.3. For each k = 2,3, . . . , and for every word v E Y¥, 



7rfc(v)| < {k 7r(v))''. 



Proof. It follows from (8.1) that 



^k{v)\= n ii 



dj>k-l 



k 
dj 



i n (1 



dj>k+l 



k 

dj 



)< 



< 




TT 



n (1 



2<dj<k 




Since (1 — 1/d) ^ > 1 ioi d >2, the last product can be estimated as 




2 3 



1 2 



k-ls-k 
IT' 




and the lemma follows. □ 

Lemma 8.4. If di{v) ^ 2, then \'K2{v)\ > 7r^(v), and if di{v) = 2, then \'Kz{v)\ > 7r^(v). 
Proof. We apply the inequality (8.2). If di{v) > 3, then 




by the inequality (8.2). If di{v) — 1, then {1 — 2/di) — —1, and since d2 > 3, the 
inequality holds in this case as well. 

In case of di{v) = 2 we have d2{v) > 4, hence 



so that the second inequality of Lemma also follows from (8.2). □ 

Proof of Proposition 8.1. The implication (i) =^ (ii) is trivial, since 7rA;(f ) = ipv{Pu) is 
a particular character value for u = 1°°21^~'^. The statement (iii) follows from (ii) by 
Lemma 8.4. In fact, we can split the initial sequence {wn} into two subsequences, {w'^} 
and {w"}, in such a way that di{w'^) = 2 and di{w'^) ^ 2. Then we derive from Lemma 
8.4 that for both subsequences 7r(wn) — > 0, and (iii) follows. 

Now, (ii) follows from (iii) by Lemma 8.3, and (ii) implies (i) by Lemma 8.2. □ 
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General regularity conditions. 

We now find the conditions for a sequence of finear functionals on the spaces i?„ to 
converge to a functional on the hmiting space Rqq = hrt} R„ . 

Definition (Regularity of character sequences). Let ifj^ be a linear functional on the 
graded component Rn of the ring R = Q{X, Y), for each n = 1, 2, . . . , and assume that 
the sequence converges pointwise to a functional ip on the ring R, in the sense that 

(8.5) lim iPniPX''-'^) = ip{P) 

n— >oo 

for every m e N and every polynomial P e Rm- We call such a sequence regular. 

Our goal in this Section is to characterize the set of regular sequences. 

Definition (Convergence of words). Let {wn} be a sequence of finite Fibonacci words, 
and assume that the ranks \wn\ tend to infinity as n — > oo. We say that {wn} converges 
to an infinite word w, iff the mth letter Wn{m) of Wn coincides with the mth letter w{m) 
of the limiting word w for almost all n (i.e., for all but finitely many n's), and for all m. 

Let us recall that an infinite word w with 2's at positions c/i, d2, ■ ■ ■ is summable, if, 
and only if, the series JZ^i V'^i converges, or, equivalently, if the product 



n (i-x)>o 



j:d,>2 

converges. 

Consider a sequence Wi,W2, ■ ■ ■ of Fibonacci words converging to a summable infinite 
word w. We denote by w'^ the longest initial (rightmost) subword of Wn identical with 
the corresponding segment of w, and we call it stable part of Wn- The remaining part 
of Wn will be denoted by w'^, and referred to as transient part of Wn- 

Definition (Regularity Conditions). We say that a sequence of Fibonacci words Wn G 
YF^ satisfies regularity conditions, if either one of the following two conditions holds: 

(i) lim niwn) = 0; 

n—^oo 

or 

(ii) the sequence Wn converges to a summable infinite word w, and a strictly positive 
limit 

(8.6) P = 7T-^{w) lim 7T{Wn) > 



exists. 
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Theorem 8.5. Assume that the regularity conditions hold for a sequence Wn € YF^. 
Then the character sequence i/jw^ is regular. If the regularity condition (i) holds, then 

lim V«,„(QX™) = <^p(g), 

n— »oo 

and if regularity condition (ii) holds, then 

(8.7) lim = <pp,UQ) 

n—>-oo 

for every polynomial Q e Rm, m = 1,2, ... . Conversely, if the character sequence '4>wn. 
is regular, then the regularity conditions hold for the sequence Wn £ YF„. 

This theorem will follow from Proposition 8.1 and the following proposition: 

Proposition 8.6. Assume that a sequence wi,W2, • • • of Fibonacci words converges to 
a summable infinite word w, and that there exists a limit 

(8.8) (3^7T-\w) lim 7r(w„). 

n— »oo 

Then 

(8.9) 7r-\w) lim 7rfc(«;^) = 

n— »oo 

for every k = 2,3, . . . . More generally, 

(8.10) lim ipyj^ipu) = (3'' ip^ipu) 

n—>-oo 

for every element u e 1°°YF of essential rank \ \u\ \ = k. 

Proof. Let be the length of the stable part of the word Wn, and note that m„ — > oo. 
In the following ratio, the factors corresponding to 2's in the stable part of Wn cancel 
out, 

7t(w) J-J- V di(wn)J \ dAw)) ' 

j:dj(Wn)>mn j:dj(w)>mn 

and a similar formula holds for the functional tt^, k = 2,3, . . .: 

^= n {^-^) n i^-^r- 

j:dj{w„)>m„ ■'^ j:dj{w)>mn ■' ^ 

Consider the ratio 

1 - 



)= n V, 'T'; n 



ttIw) / / \ ttAw) 7 ( 1 _ k \ ( 1 \ 
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The second product in the right hand side is a tail of the converging infinite product 
(since the word w is summable), hence converges to 1, as n — > oo. By (8.3), the first 
product can also be estimated by a tail of a converging infinite product, 



hence converges to 1, as well. 

The proof of the formula (8.10) is only different in the way that the ratio in the left 
hand side of (8.11) should be replaced by '4'wniPu) /fwiPu)- CH 

Proof of the Theorem 8.5. It follows directly from Propositions 8.1 and 8.6 that the 
regularity conditions for a sequence wi, W2, • • ■ imply convergence of functionals ■^w^ to 
the Plancherel character Lpp m. case (i), and to the character ipp^w in case (ii). By the 
Corollary 7.5 we know that the functions ipis^w are pairwise distinct, and also different 
from the Plancherel functional (fp. 

Let us now assume that the sequence if^y^^ converges to a limiting functional if. We 
can choose a subsequence ipw^^ in such a way that the corresponding sequence Wm„ 
converges digitwise to an infinite word w. If is not summable, then ip — Lpp coincides 
with the Plancherel functional, and the part (i) of the regularity conditions holds. Oth- 
erwise, we can also assume that the limit (8.6) exists, and hence if = (fip^w by Proposition 
8.6. Since the parameter P and the word w can be restored, by Corollary 7.5, from the 
limiting functional (p, the sequence Wn cannot have subsequences converging to different 
limits, nor can the sequence 7r(wn) have subsequences converging to different limits. It 
follows, that the regularity conditions are necessary. The Theorem is proved. □ 

In the following statement, Q refers to the space defined at the end of Section 3. 

Theorem 8.7. The map 



is a homeomorphism of Q onto the Martin boundary of YF. 

Proof. It follows from Corollary 7.5 that the map is an injection of fl into the Martin 
boundary, and from Theorem 8.5 that the map is surjective. Furthermore, the proof 
that the map is a homeomorphism is a straightforward variation of the proof of the 
regularity statement. Theorem 8.5. □ 



The Young-Fibonacci lattice, along with the Young lattice, are the most interesting 
examples of differential posets. There is a considerable similarity between the two 
graphs, as well as a few severe distinctions. 




iP, W) ^ (fi3, 



P ifp 
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Both lattices arise as Bratteli diagrams of increasing families of finite dimensional 
semisimple matrix algebras, i.e., group algebras of symmetric groups in case of Young 
lattice, and Okada algebras in case of Young- Fibonacci graph. For every Bratteli dia- 
gram, there is a problem of describing the traces of the corresponding inductive limit 
algebra, which is well-known to be intimately related to the Martin boundary construc- 
tion for the graph. The relevant fact is that indecomposable positive harmonic functions, 
which are in one-to-one correspondence with the indecomposable traces, form a part of 
the Martin boundary. 

For the Young lattice the Martin boundary has been known for several decades, 
and all of the harmonic functions in the boundary are known to be indecomposable 
(extreme points). In this paper we have found the Martin boundary for the Young- 
Fibonacci lattice. Unfortunately, we still do not know which harmonic functions in the 
boundary are decomposable (if any). The method employed to prove indecomposability 
of the elements of the Martin boundary of the Young lattice can not be applied to 
Young-Fibonacci lattice, since the Ko-functor ring R of the limiting Okada algebra JF 
is not commutative, as it is in case of the group algebra of the infinite symmetric group 
(in this case it can be identified with the symmetric function ring). 

Another natural problem related to Okada algebras is to find all non-negative Markov 
traces. We plan to address this problem in another paper. 

Appendix 

In this appendix, we survey a few properties of differential posets introduced by R. 
Stanley in [Stl-3]. A more general class of posets had been defined by S. Fomin in 
[Fl-3]. In his terms differential posets are called self - dual graphs. 

A.l Definitions. 

A graded poset F = [j'^^o^n is called branching diagram (cf. [KV]), if 
(Bl) The set F^ of elements of rank n is finite for all n = 0, 1, . . . 
(B2) There is a unique minimal element e Fq 
(B3) There are no maximal elements in F. 

One can consider a branching diagram as an extended phase space of a non - station- 
ary Markov chain, F^ being the set of admissible states at the moment n and covering 
relations indicating the possible transitions. 

We denote the rank of a vertex v & hj \v\ — n, and the number of saturated 
chains in an interval [u, v] C F by d{u, v). 

Following [Stl], we define an r -differential poset as a branching diagram F satisfying 
two conditions: 

(Dl) If tt 7^ in F then the number of elements covered by u and v is the same as 
the number of elements covering both u and v 

(D2) If V e F covers exactly k elements, then v is covered by exactly k + r elements 
of F. 
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Note that the number of elements in a differential poset covering two distinct elements 
can be at most 1. In this paper we focus on 1-differential posets. 

For any branching diagram F one can define two linear operators in the vector space 
Fun(F) of functions on F with coefficients in Q: the creation operator 

(A.1.1) U{f){v)^ Yl /H' 

w.vyw 

and the annihilation operator 

(A.1.2) D{f){v) = /(«)• 

u:uyv 

Identifying finitely supported functions on F with formal linear combinations of points 
of F and vertices of F with the delta functions at the vertices, one can write instead: 

(A.l.r) Uv= ^ 

w.vyw 

(A.1.2') Dv^ Y ^- 

u:uyv 

One can characterize r-differential posets as branching diagrams for which the oper- 
ators U, D satisfy the Weyl identity DU — UD ~ r I. 

A. 2 Some properties of differential posets. 

We review below only a few identities we need in the main part of the paper. For a 
general algebraic theory of differential posets see [Stl-3], [Fol-3]. Assume here that F 
is a 1-differential poset. 

The first formula is well known: 

(A.2.1) Y d{0,w) = {n+l)d{0,v), veF. 

w.vyw 

Proof. Let dn = J2\v\=n^i^^'^) ^ Fun(F). Then U dn = dn+i and (A.2.1) can be 
written as D dn+i = {n + 1) dn- This is trivial for n = 0, and assuming D dn = ndn-i 
we obtain 

D dn+i = DU dn = UD dn + dn = nil dn-1 +dn = (n+l) dn- □ 
Our next result is a generalization of (A.2.1). 
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Lemma A. 2. 2. Let T be a 1- differential poset, and let u < v be any vertices of ranks 
\u\ = k, \v\ = n. Then 

(A.2.3) d{u,w)- d{x,v)^{n — k + 1) d{u, v). 

w.vyw x:xyu 

Proof. Using the notation dn{u) = (^(w, t;) one can easily see that U dn{u) = 

dn+i{u) and that (A.2.3) can be rewritten in the form 

Ddn+i{u)= Y dn{x) + {n - k+ l)dn{u). 

x:x yu 

For n = k — 1 the formula is true by the definition of D. By the induction argument, 

Ddn+l{u) = DU dn{u) = UDdniu)+dniu) = 

= t/ I Y dn-lix) + (n - k) dn-liu) \ + dn{u) = 

\x:xyu j 

= Yj dnix) + (n- k+ l)dniu). 
x-.xyu 

Note that (A.2.3) specializes to (A. 2.1) in case k = 0, u = 0. □ 

A. 3 Plancherel transition probabilities on a differential poset. 

It follows from (A. 2.1) that the numbers 

/A \ d(0jw) ^ , , 

A.3.1) py,yj = ^ IX v/w,n=\v\, 

{n+l)d{0,v) 

can be considered as transition probabilities of a Markov chain on F. Generalizing the 
terminology used in the particular example of Young lattice (see [KV]), we call (A. 3.1) 

Plancherel transition probabilities. 

Lemma A. 3. 2. Let u < v be vertices of ranks \u\ = k, \v\ = n in a 1-differential poset 
F. Then the Plancherel probability p{u, v) to reach (by any path) the vertex v starting 
with u is 

k\ d{u, v) d{0, v) 



(A.3.3) p{u,v) 



n\ d{0, u) 



Proof. We have to check that X^„p('u, f )pv,u; = p{u,w). Since '^^d{u,v) d{v,w) 
d{u, w), we obtain 

kl d(0,v) , , d(0,w) k\ d(u,w)d(0,w) 

—7 > -77 7d{u,v) d{v,w)- — - = - r -, 

n! ,4^ d(0,u) ^ ' ^ ^ ' '(n+l)d(0,v) (n + 1)! d(0,u) 

\v\=n 

and the Lemma follows. □ 
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